The methods can be applied as an extension of the " relaxation" tech nique, and it is then th a t their value is revealed most clearly. In this paper attention is confined to continuous systems governed by differential equa tions, and for these, incidentally, a method is developed whereby specially close estimates of the fundamental frequency can be made if desired.
Introduction
In 1934 Hume-Rothery, Mabbott and Channel-Evans discussed the factors affecting the formation of primary solid solutions in silver and copper, and concluded th at the predominant factors were the atomic diameters and valencies of the solvent and solute elements. In a later paper (Hume-Rothery and Raynor 1938) it was shown that the same con siderations applied to the formation of solid solutions in magnesium, provided that due allowance was made for the highly electropositive nature of this metal.
In the case of copper and silver alloys, where general valency effects are marked (Hume-Rothery et al. 1934) , Hume-Rothery, Lewin and Reynolds (1936) carried out an investigation of the mean lattice spacings of primary solid solutions of cadmium, indium, tin and antimony in silver, and of zinc, gallium and germanium in copper. I t was found th at, to a high degree of accuracy, equal percentages of cadmium, indium, tin and a n ti mony expanded the lattice of silver by amounts proportional to 2 : 3 : 4 : 6 respectively. Zinc, gallium and germanium in equal atomic concentration in copper expanded the copper lattice by amounts proportional to 3 : 4 : 4*8. These factors have been confirmed by Owen and Roberts (1939) and shown also to apply a t high temperatures. The factor for germanium in copper was, however, given as 5.
In the present paper, an investigation has been made of the mean lattice spacings of the prim ary solid solutions of silver, cadmium and indium in magnesium. The solute elements are all of favourable size factor with regard to magnesium, and, though not in the same period as the solvent, are themselves in one period.
Particular interest attaches to the present series in so far as silver and indium have respectively one less and one more valency electron per atom than magnesium, while the valency of cadmium is the same as th a t of magnesium. The effect of a diminution of electrons on the lattice spacing may therefore be compared with the effect of an increase.
A further point of interest is th a t, whereas in the work of HumeRothery et al. (1936) on copper and silver alloys the mean lattice distortions corresponded with an expansion, the lattice of magnesium is contracted by silver, cadmium and indium.
In this paper the term " mean lattice distortion" is used to denote the differences between the lattice constants of the solid solution and the solvent metals as measured by the ordinary powder methods of X -ray analysis. The X-ray methods, as is well known, give the mean lattice distortions, while more or less intensely localized regions of distortion may occur without preventing the formation of sharp diffraction lines. The data described below refer to the mean lattice spacings only. 2
General experimental procedure
A satisfactory technique for the preparation of filings of reactive metals and alloys has been described elsewhere (Raynor and Hume-Rothery 1939) . For the present purpose a modification of this method was em ployed, which gave filings for which the totals of the two constituents determined by analysis were satisfactory. Alloys were annealed for a sufficient time in the lump form to ensure the attainm ent of equilibrium, after which filings were prepared in an atmosphere of argon and sealed up in an evacuated hard glass tube without exposure to the atmosphere at any Lattice spacings in magnesium 459 point. The filings were annealed in the evacuated tube to relieve the mechanical strain introduced by filing, and the tube rapidly cooled in air.* The tube was broken in an atmosphere of argon and the fine filings separ ated by sieving through a 250-mesh gauze. The filings in the sieve were well agitated in order to secure a representative sample. After sufficient fine filings had collected, the remainder were sealed up in an evacuated glass tube for analysis and the fine filings tipped immediately into a watch-glass containing Canada balsam dissolved in xylol. The whole operation up to the release of the fine filings was carried out in argon or vacuo, so th at there was no exposure to the atmosphere. Tests showed th at the compositions by analysis of the sieved and unsieved filings were identical, so th at in general the unsieved residues were used for analysis.
In the analyses both metals were always determined as a check on con tamination. The figures given are based, therefore, on the analysis of the filings after all annealing treatments had been completed, th at is, in the condition in which they were used in the X-ray experiments, and not on analyses of the alloy in lump form. In view of the volatility of magnesium during annealing, and of possible segregation effects, such precautions are essential to obtain reproducible results.
The lattice constants were determined from Debye-Scherrer photo graphs obtained with a 19 cm. camera of the type, though on a larger scale, used by Bradley and ' Jay (1932) , in conjunction with a demountable X-ray tube made by the Metropolitan Vickers Electrical Co., Ltd.
The temperature of the camera during an exposure of 2-3 hr. duration was accurately controlled by the use of currents of air, and remained constant.
The camera was standardized against quartz as recommended by Bradley and Jay (1933) , whose cos2 de xtrapolation method was used th the work in order to eliminate errors due to absorption, film shrinkage, eccentricity of the specimen, etc. For the standardization copper radia tion was used, since this radiation was to be used for the alloy experi ments; the values of the wave-lengths assumed were CuA -al 1-537395A and CnKa2 1-541232A. The fundamental constants assumed in the cali bration for quartz at 27° C were a = 4-24653A and c/a = 1-09996(5). The standard angle of the camera, as given by shadows of the fixed knife-edges, corresponded with an angle of 84-302° in the Bragg equation.
The films were measured on an accurately calibrated measuring microscope which read directly to 0-01 mm. and allowed estimation to 0*001 mm. Duplicate photographs of the same specimen gave results agreeing within 0*0001 A when allowance had been made for the differences in tem perature of the exposures. For this purpose it was assumed th a t the coefficients of expansion in the dilute alloys were the same as those of magnesium. The values of the lattice spacing quoted in the paper have been reduced to a common tem perature of 20° C.
Copper radiation was chosen for the alloy experiments because it gave a very suitable combination of high-angle lines, which are im portant for the accurate spacing determinations. In general, the lattice spacing determ ina tions were based upon the measurement of the seven outermost lines, the line with the highest angle of reflexion being due to the (11*0) 2 reflexion, and independent of axial ratio. From the first line, therefore, was obtained an accurate and invariant first point on the Bradley-Jay extrapolation curve. The (10*6) and (20*5) reflexions with high values of " 1" are very sensitive to slight variations in the axial ratio; a difference of 0*0001 in the axial ratio produces a very marked difference in the points for these lines on the extrapolation curve. Thus, by a process of successive approximation, the value of c/a for a particular film was established to a high degree of accuracy; it is estimated th a t the extreme error involved in the determina tion of the axial ratio is ± 0*0001.
The values of the " a " parameter deduced directly from the extrapola tion curves are accurate to within ± 0*0001 A, so th a t the values obtained for the " c " parameter, involving the determination of c/a, are accurate to within ±0*0003A.
Materials used
The magnesium was presented by the National Physical Laboratory and was 99*95% pure, the chief impurities being iron (0*03 %), silicon (0*01 %) and aluminium (0*01 %). The silver was chemically pure, and was supplied by Messrs Johnson, Matthey and Co., Ltd., while spectroscopically pure cadmium was presented by the National Smelting Co., Avonmouth. The indium, supplied by the Indium Corporation of America, was refined by Messrs Johnson, Matthey and Co., Ltd., after which no impurities could be detected by chemical means.
Experimental results

(a)
Pure magnesium Four separate determinations of the lattice spacings of pure magnesium gave the axial ratio at 20° C as 1*6237, while the values of the " a " para meter were respectively 3*20250, 3*20253, 3*20250 and 3*20258 A. During a previous investigation of the thermal expansion of magnesium (Raynor and Hume-Rothery 1939) , the values of " " at room temperature (20° C) obtained lay between the limits 3*20253 and 3*20263 A. The results of the two investigations, carried out using two different cameras which were separately calibrated, are therefore in complete agreement, while both are in agreement with the value 3-2030A at 25° C (= 3*20258 at 20° C) ob tained by Jette and Foote (1935) .
(b) Magnesium-silver
The alloys were prepared under flux by melting together the constituent metals, and, after thorough stirring, pouring into a heavy copper mould. Owing to the restricted solid solubility of silver in magnesium at low temperatures, the general procedure was modified. The ingots were annealed to equilibrium at 468° C, which is near to the eutectic temperature, and quenched. The filings, prepared as already described, were sealed for the strain-relieving anneal into silica bulbs, with a wall thickness of | mm., and again annealed at 468°, and quenched in water. The lines on the photo graphs were sharp, showing th at 1 hr. annealing at 468° C was sufficient to relieve the mechanical strain. The results are shown in table 1 and the " a " parameters plotted graphically in figure 1. The points lie on a smooth curve from which no point differs by more than 0*0002A; the curve is definitely not linear, the mean lattice contraction as the percentage of silver is increased, becoming less than that required by a linear relation. The axial ratio for this system appears to increase slightly in very dilute solution, this increase being followed by a very rapid fall in c/a. The film for alloy 1 was of a high quality, and the increase in axial ratio from th at of magnesium, though slight, is definite. The " c " parameters and the volume of the unit cell are plotted in figures 2 and 3 respectively.
(c) Magnesium-cadmium
Alloys were prepared by melting the constituent metals under flux and casting into copper moulds. Since the solubility of cadmium in magnesium is wide, quenching was unnecessary, and the tubes of annealed filings were cooled in air. To remove filing-strain the filings were in general annealed for 10-12 hr. at 310° C; the subsequent X -ray photographs gave sharp diffrac tion lines. 
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The results obtained are given in table 2 and plotted in figures 1-3. I t will be seen in figure 1 th at a smooth curve maj^ be drawn through the points, from which no point differs by more than 0-0002 A. Again the curve is definitely not linear, although the linearity of the initial portion persists up to comparatively high concentrations of cadmium. Above 10 atomic %, however, the curve shows th at the contraction is progressively less than th at corresponding with a linear relation. Previous investigators (Natta 1928; Dehlinger 1930) have suggested th a t the axial ratio of the structure for the magnesium-rich alloys is constant. The present work, however, in which small variations in the axial ratio are accurately determinable, shows that there is a regular though slight increase in the axial ratio until a composition of 10 atomic % is reached. After this there is a marked fall in c/a, until at 16 atomic % the axial ratio for magnesium has again been reached. This behaviour is probably con nected with the existence of the superlattice Mg3Cd. The work of Grube and Schiedt (1930) on the equilibrium diagram of the system shows th at the area occupied by this superlattice extends, on the magnesium-rich side of Mg3Cd, to 16 atomic % cadmium at 100° C. Although no superlattice lines could be detected on the photographs in the present work, other work has shown th at the superlattice rearrangement occurs at room temperature. I t is probable that the ordering process is beginning to occur in the region 10-16 atomic % cadmium, with a consequent diminution in the strain attendant on solid solution of cadmium in magnesium. As the strain is diminished, the axial ratio would be expected to revert towards th at of magnesium.
Alloy no.
Composition Table 3 " a " spacing a t 353° C c/a a t 353° C Two alloys, during the course of the work, were exposed in a high tem perature camera at 353° C, and the results are shown in table 3. The latticeconstants of magnesium at 353° C are a = 3*2320 (0) A and c/a T6242 (4), so that, at 353° C, both the lattice spacing and the axial ratio changes are less marked than at room temperature.
(d) Magnesium-indium
The alloys for this investigation were prepared by the addition of magnesium to stock alloys, richer in indium, which had been prepared in connexion with previous work. As before, the newly prepared alloys were cast in copper moulds.
To remove the strain introduced by filing, the filings were annealed before use for 10-12 hr. at 310° C, and the tube cooled in air.
The results of the work are shown in table 4 and graphically in figures 1-3. Again it will be seen that a smooth curve may be drawn in figure 1 such Vol. 174. A th a t no point differs from it by more th a n 0*0001 A. The curve appears to be a t first linear and th en to fall very slightly. The change of axial ratio w ith composition is in this case large, com pared w ith th e effects in the m ag nesium-silver and m agnesium -cadm ium systems, and in co n trast to these systems th e " c " p aram eter first decreases slightly and th en rises. 
(e) Analysis
In all cases the actual filings were subm itted for analysis. The analyses were all made by Messrs Johnson, M atthey and Co., L td., and satisfactory totals of the two constituents were reported. 5
Discussion
The curves of figure 1 indicate th a t a definite valency effect exists for the contraction of the " a " parameter of magnesium by silver, cadmium and indium. At equiatomic compositions decreasing the valency of the solute increases the lattice distortion in the basal plane.
The atomic percentages of indium and cadmium in alloys of equal lattice distortion vary as 1 :
In the case of silver, owing to the restricted solubility in magnesium, the test is less satisfactory, but the corresponding factor is very close to This implies that, in dilute solution where the lattice spacing-composition curves may be taken as straight lines, the lattice distortions per atom of indium, cadmium and silver are in the ratio of 1 : 2 : 5. Thus, if the lattice spacings of the three alloy systems are plotted against the atomic percentages of the solutes multiplied by the above factors, the points should lie on a single curve. This has been done in figure 4 , where each point is represented by a rectangle whose height is equivalent to 0*0004A and the width to 0*1 atomic %. These limits repre sent errors of about ± 1 part in 20,000 for the lattice spacing and ± 0*05 ato m ic % on th e com position axis. T h e ag ree m en t w ith th e w hole n u m b e r re la tio n for cad m iu m a n d in d iu m in d ilu te so lu tio n is th erefo re v e ry e x a c t, a lth o u g h s e p a ra tio n occurs la te r ow ing to th e d o w n w ard c u rv a tu re o f th e cu rv e for m agnesium -in d iu m . a to m ic p e rc e n ta g e o f so lu te x m u ltip ly in g fa c to r F ig u r e 4 F o r silver, in d ilu te solution only, th e facto r 5 is w ith in th e lim its o f th e ex p erim en tal error. A ssum ing th e facto r for in d iu m to be 1, th o se for cadm ium an d silver can n o t lie outside th e lim its 2-1 an d 1*9 o r 5-2 a n d 4-9 respectively, w ith o u t producing m ark ed sep aratio n o f th e p o ints.
T he closest distances o f ap p ro ach o f th e ato m s in th e cry stals o f m etallic cadm ium an d indium are closely sim ilar w hen allow ance is m ad e for in com plete ionization o f indium in th e elem en tary s ta te , so th a t if we accep t th e views o f H u m e-R o th ery et al. (1934) show ed th a t, from th e solution fo rm a tio n , th e in te ra to m ic d ista n c e s in th e c ry sta ls o f th e elem en ts fu rn ish ed a b e tte r co rre la tio n th a n th e G o ld sch m id t a to m ic rad ii.
it is improbable th a t size effects greatly influence the relative lattice distortions produced by cadmium and indium ; the difference in behaviour may be attributed to the higher valency of indium. We may regard the substitution of indium for cadmium, involving the addition of 1 electron per atom, as causing a lattice expansion in the basal plane relative to the magnesium-cadmium distortion curve. Similarly, the substitution of silver for cadmium, involving the subtraction of one electron per atom , causes an additional contraction relative to the magnesium-cadmium curve. This confirms a principle deduced from studies of copper and silver alloys, th a t the distortion produced is the resultant of a size effect, which may be an expansion or contraction according to the relative atomic diameters of solute and solvent, and of an electronic effect in which an increase in the solute valency causes an expansion.
The factors may be expressed as 1 + (3 -valency of solute)2. Figure 2 shows th a t the same tendency affects the curves for the " c " parameters, but th a t the regularity is absent. The " c " param eter for the magnesium-silver alloys is contracted more than th a t in the magnesiumcadmium alloys; for the magnesium-indium system the " c " param eter falls slightly in very dilute solution and then rises, so th a t there is a marked distinction between the alloys in which the number of electrons per atom is equal to or less than two, and those in which the number exceeds two.
The curves of the volume of the unit cell plotted against composition (figure 3) show th a t the contraction of the cell at equiatomic percentages of indium, cadmium and silver are approximately in the ratio of 1 : 3 : 9 . These factors may be expressed as 1 4-2 (3 -valency of solute)2.
The effects in the magnesium series of alloys may be interpreted quali tatively in terms of the electron energy distribution in the crystals. The form of the first Brillouin zone for the close-packed hexagonal structure has been derived by Jones (1934) and is shown in figure 5 . There is an energy discontinuity across each of the bounding planes B and C, but the discontinuity vanishes for electrons moving with velocities in certain directions along edges such as PQ. The complete first zone is therefore made up of the figure bounded by planes of the type A , B and C with the addition of a small truncated prism, as shown on one A face, on each of the six A faces. The number of electrons per atom contained in the incomplete zone bounded by A, B and C type planes is T743 for magnesium. Since mag nesium is divalent, there must be overlap into higher zones; the theory indicates that this overlap takes place at A and at corners such as QP. With two electrons per atom there is no overlap at the B positions.
Jones (1934) has considered the effect of an internal stress in crystals due to a small number of electrons lying beyond a plane of energy discontinuity in &-space. Essentially, the theory predicts th at electrons lying beyond such a plane produce a stress, perpendicular to the plane and proportional to the number of overlapping electrons, tending to displace the plane towards the origin of &-space. Since the value of k at such a plane is in versely proportional to the lattice parameter in the corresponding direction in the crystal, this results in a tendency to expand the lattice in this direction.
If we now consider the distortion curves for the magnesium-cadmium system as standards depending mainly on size effects, and not on valency, we may interpret the magnesium-indium curves. Substitution of a trivalent atom for a divalent atom increases the number of electrons per atom for the F ig u r e 5 structure. This leads to an increased overlap round the sides of the zone. The stress in a direction perpendicular to the hexagonal axis is thus in creased, leading to a lattice expansion in the basal plane relative to the size effect. In very dilute solution " c" also decreases less than in the magne sium-cadmium system. It is possible that, as the number of electrons per atom increases, overlap begins at B, and that this is responsible for the subsequent increased expansion of the " c " parameter as shown in figure 2 , and for the relatively rapid rate at which the axial ratio rises in the mag nesium-indium alloys.
Similarly, for magnesium-silver the overlap of electrons is decreased, so that the stresses in the basal plane are reduced, leading to a contraction of the " a " parameter as compared with the standard contraction in the magnesium-cadmium system.
It is probable that the fact that the valency of the solute affects mainly th e overlap of electrons round th e sides of th e Brillouin zone (perpendicular to the hexagonal axis), and n o t th e overlap a t the B position (parallel to th e hexagonal axis), accounts for th e observance of clear num erical facto r effects for the "a " p aram eter and n ot for th e " c " param eter. The equation given by Jones relating the strain produced to the increase in the number of electrons per atom gives results of the right order for the 77-phase in the system copper-zinc, but for magnesium solid solutions it would indicate a much greater expansion for the magnesium-indium alloys relative to the magnesium-cadmium system than actually occurs. This is probably due to the fact th a t, for a system such as copper-zinc, where the num ber of electrons per atom for th e stru ctu re is less th a n tw o, the overlap perpendicular to th e hexagonal axis probably occurs m ainly in the A positions. F or m agnesium -indium , however, where th e num ber of electrons per atom increases from two, th e increase in overlap is probably confined m ainly to the overlap into the second zone along the six edges such as PQ, and the stress conditions will be different from th e case con sidered by Jones.
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Summary
Accurate measurements have been made of the lattice spacings of the primary solid solutions of silver, cadmium and indium in magnesium. A t equiatomic compositions, decreasing the valency of the solute increases the lattice distortion in the basal plane. In dilute solution, indium, cadmium and silver contract the " a " parameter by amounts proportional to 1:2:5 respectively, while the volume of the unit cell is contracted by amounts proportional to 1:3:9 respectively. The " a ''-parameter fac tors may be expressed as 1 + (3 -valency)2 and the volume factors as 1-1-2(3 -valency)2. There is no such regularity for the " c " parameters.
